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Pattern Formation of Two-Dimensional 
Smectic-A Filaments 

MASAYOSHI TODOROKIHARAa, KOJI SEIKEa, 
HIROYOSHI NAITOa and OU-YANG ZHONG-CANb 

aDepartment of Physics and Electronics, Osaka Prefecture University, 1-1 

Physics, Academia Sinica, PO. Box 2735, Beijing 100080, China 
Gakuen-cho, Sakai, Osaka 599-8531, JAPAN and blnstitute of Theoretical 

Electric field-induced pattern formation of two-dimensional smectic-A filaments have been 
observed in the binary mixture of octyloxycyanobiphenyl and dodecyl alcohol. As the mix- 
ture is cooled below its transition temperature, the smectic-A phase grows into a collection of 
filaments directly from an isotropic phase. Without the electric-field application, these fila- 
ments, which have fixed radius. buckle three-dimensionally as they grow. When the liquid 
crystal samples are subjected to electric field, the three-dimensional patterns of smectic-A fil- 
aments are changed to two-dimensional periodic wavy patterns of the filaments. The 
two-dimensional pattern is formed on a plane perpendicular to electric field. To understand 
the electric field-induced two-dimensional pattern formation process, the shape equations for 
the filaments have been derived by a variation of the sum of Gibbs free energy, curvature 
elastic energy, surface energy, and dielectric energy. An analytical solution to the shape equa- 
tions are derived, and shown to be in good agreement with the experimental observation. 

Keywords: pattern formation; smectic-A filaments; plane curves; electric field; shape equa- 
tions 

INTRODUCTION 

Thermetemporal evolution of smectioA phase is a geometrically interest- 
ing example of self-organization processes. A smectic-A phase grown from 
an isotropic phwe first appears a collection of filaments. These filaments 

403 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
2:

37
 1

6 
A

ug
us

t 2
01

2 



404 MASAYOSHI TODOROKIHARA et al. 

have a fixed radius and buckle continuously as they grow. The length 
of these filaments is seen to grow exponentially, which suggests that the 
filament grows locally at a constant rate 111. Such a growth process is 
very different from the one usually seen in similar situations, such as the 
growth of the nematic phase during the isotropic-nematic transition and 
the growth of ice crystals during the liquid-solid transition. Additionally 
the filaments exhibit spectacular dynamics, and hence a study of smectic- 
A filaments has attracted much attention [2-71. We have studied such 
pattern formation of a smectic-A phase in an isotropic phase both experi- 
mentally and theoretically, and have found that the patterns of smectic-A 
phase can be explained in terms of a variational calculation of a sum of 
Gibbs free energy, curvature elastic energy and surface energy [3]. It is 
expected that the electric-field application causes dramatic changes in pat- 
terns of a smectic-A phase in an isotropic phase because of large dielectric 
anisotropy of liquid crystals. However, the effects of electric field on the 
pattern formation of a smectic-A phase in an isotropic phase have not yet 
been fully investigated [4]. 

In this paper, we report the pattern formation of smectic-A filaments 
under electric-field application. We find that the pattern formation p r e  
cesses of smectic-A filaments are greatly influenced by electric field. The 
three-dimensional growth patterns are changed into the twedimensional 
periodic patterns, characterized by planwmrves. It is shown that the 
pattern formation of the two-dimensional periodic filaments under the 
electric-field application can be explained within the theoretical frame- 
work that we have proposed earlier [3,5]. 

EXPERIMENT 

The liquid crystal (LC) material used here was octyloxycyanobiphenyl 
(80CB). Dodecyl alcohol (DODA) was mixed with 80CB (a molar ratio 
of 80CB to DODA was 4 to 6)  to suppress the nematic phase and to 
observe a smectic-A phase in an isotropic phase. Figure 1 shows the 
phase diagram of the mixture of 80CB and DODA. There appears a 
coexisting region of the smectic-A and the isotropic phases. The LC cells 
of dimensions 10 mm x 10 mm and of thickness 30-80 pm bound by indium- 
tin oxide (ITO) precoated gless plates were prepared. The ac square-wave 
electric field (2 kHz) was applied to the cells. This frequency is sufficient 
to overcome the effects of ionic impurities without essentially affecting the 
value of the dielectric anisotropy of 80CB (AE) .  The sample temperature 
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FIGURE 1 Phase diagram for the mixture of 80CB and DODA [6]. 

was controlled using a hot stage (Instec HS1-i). The pattern formation 
of the smectic-A phase was observed with a polarizing microscope (Nikon 
X2TP-11) equipped with a digital camera (Olympus DP-11). 

RESULTS 

As the mixture is cooled from the isotropic phase at a cooling rate of 
0.1 "C/min, the Sm-A phase initially appears at -40 "C in the form of a 
number of spherical droplets which grow in size and then start elongating 
into straight filaments. On cooling further, filaments buckle continuously 
and become the threedimensional entangled patterns (Fig. 2(a)). Com- 
puter simulation of the polarizing microscope images of smectic-A fila- 
ments showed that a smectic-A filament can be described by a tube with 
the outer and inner surfaces. 

To study the influence of electric field on the pattern formation of 
the smectic-A filaments, the ac electric field was applied in the direction 
perpendicular to the I T 0  glass surfaces. When the LC cell is subjected to 
electric field of 0.14 V/,um, a drastic change in patterns of smectic-A fila- 
ments is observed; the three-dimensional pattern of smectic-A filaments is 
changed to the two dimensional pattern of smectic-A filaments, which is 
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406 MASAYOSHI TODOROKIHARA er al. 

FIGURE 2 Patterns of the smectic-A filament observed with the analyzer and 
polarizer crossed (a) E = 0.0 V/pm, (b) E = 0.14 V/pm, (c) E = 0.15 V/prn, 
arid (d) E = 0.16 V/pm. The bars indicate 40 pm. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
2:

37
 1

6 
A

ug
us

t 2
01

2 



PATIERN FORMATION OF TWO-DIMENSIONAL.. . 407 

formed on a plane perpendicular to electric field. We cau see in Fig. 2(b) 
that the smectic-A filaments are in the form of almost periodically buckled 
filaments and on a plane perpendicular to the electric field. The periodi- 
cally buckled filaments are equilibrium shapes in the sense that the shapes 
of the filaments are essentially unchanged at a constant temperature and 
an electric field. We also see in Fig. 2 that the amplitude of the periodi- 
cally buckled filaments is decreased and the periodicity along the growth 
direction is increased with increasing electric field. 

DISCUSSION 

In order to discuss the equilibrium shapes of smectic-A filaments sub- 
jected to electric field, we derive the shape equations by the variation of 
the free energy of a Sm-A filament in an isotropic phase. The free energy 
of a smectic-A filament (F) may be expressed as the sum of the following 
four terms: (1) the volume free energy change due to isotropicsmectic-A 
transition (Fv)  

Fv = - a V  = - a / d V  = -rgo(pf - p:) / C ds, (1) 

where 90 is the difference in the Gibbs free-energy densities between the 
isotropic and the smectic-A phases, V is the volume of the smectic-A 
filament, and po and p, are, respectively, the outer and inner radii of Sm-A 
filament; (2) the surface energy of the smectic-A/isotropic interface (FA) 

where 7 is the isotropiesm-A interfacial tension, A is the interface area 
between the isotropic and the smectic-A phases; (3) the curvature elastic 
energy of a smectic-A filament ( Fc) 

where kll is the splay elastic constant, k, = rk l l (d ,  - &/4, k5 = 2k13 - 
ka - k~ (k,, the Oseen-Frank elastic constants), n(s) is the curvature 
defined along r (s) ,  r(s) is the axial curve of the filament; (4) the dielectric 
energy of the smectic-A filament ( FD) 

F D = - - -  "*' d, - ' r k {E' - (E . t ) ' }  ds, 
2 2  (4) 
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408 MASAYOSHI TODOROKIHARA et al 

where €0 is the permittivity of free space, E is the applied electric field, 
E = (El, t = r ( s )  = dr/ds. Thus, we obtain the total energy of the 
smectic-A filament 

= 1 C [kCn(s)' + T(E. t )a  + (A + n - TE')] ds, (5) 

where T = A E O A E ( ~  - &/4, X = 2?r(p, + p , ) ~  + nkllln(p,/p,), and 
n = -ago(p: - 4). The shape equations are given by the first variation 
of the total energy, 6F = 0, with respect to the normal and the binormal 
direction of smectic-A filaments. After some calculation, we have the two 
shape equations for the Sm-A filament, 

kC(s3 - 2 ~ 7 '  + 2k)  - (A + II - TE2)K 
+T(E * t)% - 2T(E * m)% = 0, (6)  

2 k ~  + ~ C T  + 2T(E * m ) ( E  * 6 ) ~  = 0, (7) 

where T = T ( S )  is the torsion defined along r ( s ) ,  k = dn/ds, it = d2n/dsz, 
i = dr/ds, and m = m(s), t = t ( s )  and 6 = 6(s) are, respectively, the 
normal, tangential and binormal vectors of r ( s ) .  

Substituting the experimental condition ([El = constant) and ex- 
perimental results ( E  // 6 and 7 = 0 ; the smectic-A filaments, which 
are characterized as plane curves, are on a plane perpendicular to E )  into 
Eqs. (6) and (7), the shape equations (Eqs. (6)  and (7)) are reduced to 

kc(n3 + 2 4  - (A + n - rE2)n = 0. (8) 

Equation (8) is the shape equation for two dimensional smectic-A filaments 
under electric-field application. We define the filament's tangential unit 
vector to be t (s)  = (cos~#~(s),sin4(s),O). Inserting this into Eq. (8) we 
know that 4 is determined by 

where f is a positive constant, qb is an integration constant, and 4 = 
d+/ds IS]. Figure 3 shows the solution to Eq.(9) which is a periodic func- 
tion. The parameter used in the calculation were: p,=2.0 pm, p,=0.4 pm, 
7=10 pN/pm, E=0.14 V/pm, AE=Q, kll=10 pN, g0=16xlO-~ pJ/pm3, 
f=0.4 pN, and the values of 7, kll, 90 and f are reasonable in a smectic-A 
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PATTERN FORMATION OF TWO-DIMENSIONAL.. . 409 

E = 0.14 V/pm 

FIGURE 3 
under electric-field application. The bar indicates 40 pm. 

A solution to the shape equation for a twedimensional filament 

phase in an isotropic phase [1,3,57]. This solution is in qualitative agree- 
ment with the experimental result shown in Fig. 2(b). We calculated 
the solutions to Eq. (9) as a function of electric field, and found that the 
experimental observation shown in Figs. 2(b)-2(d) (the amplitude of peri- 
odic smectic-A filaments is decreased and the periodicity along the growth 
direction is increased with increasing electric field) can be qualitatively r e  
produced. 

CONCLUSIONS 

We have studied the effect of electric-field application on the pattern for- 
mation of smectic-A filaments in an isotropic phase. When the LC samples 
are subjected to electric field of 0.14 V/pm, the three dimensional pat- 
tern of smectic-A filaments is drastically changed to the two dimensional 
pattern of smectic-A filaments, which is formed on a plane perpendicu- 
lar to electric field. The electric field-induced two-dimensional pattern of 
smectic-A filaments is a periodically buckled structure, and the amplitude 
of the periodically buckled filaments is decreased and their periodicity is 
increased with increasing electric field. It is found that the periodically 
buckled filaments are equilibrium shapes. We have analyzed these exper- 
imental findings in terms of analytical approach to the variation problem 
for equilibrium shapes of smectic-A filaments in an isotropic phase. We 
derive the shape equations by a variation of the total energy consisting 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
2:

37
 1

6 
A

ug
us

t 2
01

2 



410 MASAYOSHI TODOROKIHARA et al. 

of Fv,  FA, FC and Fo. We have shown that the experimental findings 
can successfully be explained; a periodically buckled filament is a solution 
to the shape equations and the dectriafield dependence of the amplitude 
and the periodicity of the buckled filaments are well reproduced. 
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